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Near-resonance nonlinear propagation of monochromatic radiation 
in a gas medium 
J. I. Cotrim Vasconcellos 
Instituto de Fisica "Gleb Wataghin", Universidade Estadual de Campinas, 13.100, Campinas S.P., Brasil 
(Received 7 March 1978; accepted for publication 5 September 1978) 
Using the exact solution for a sine-driven two-level atom we have calculated the 
nonexponential attenuation experienced by a monochromatic electromagnetic beam 
nearly resonant with a gas of two-level atoms. The atoms are assumed to undergo 
collision, spontaneous decay plus inhomogeneous (Doppler, etc.) broadening. Resulting 
intensity-vs-distance plots for a plane wave are given for various degrees of relative 
homogeneous and inhomogeneous linewidths, for several saturation conditions and for 
several detuning frequencies. A comparison is also made with collision-broadened and 
linear attenuation regimes. 
PACS numbers: 51.70.+f, 03.65.Ge, 32.80.-t 
I. INTRODUCTION 
The aim of this work is to study, quantitatively, the 
attenuation characteristics of a laser beam due to its passage 
through a medium assumed to consist of two-level atoms. 
The effects of relaxation times, detuning frequencies, rela-
tive homogeneous-to-inhomogeneous broadening mecha-
nisms, and nonlinear interactions of the laser beam with the 
medium are considered. 
The basic model used is simple enough to provide quan-
titative answers to the question proposed and can be taken as 
a starting point to develop the same kind of analysis for more 
complex models. 
In Sec. II, we describe briefly the model used for the gas 
and we set up the nonlinear intensity equation by using the 
imaginary part of susceptibility for the gas medium. In Sec. 
III, the intensity equation is solved numerically for various 
conditions and the general conclusions are presented in Sec. 
IV. 
II. THE THEORETICAL MODEL AND THE 
NONLINEAR INTENSITY EQUATION 
We use a simple model in this work. The gas medium is 
composed of molecules (or atoms) that interact via a two-
level system of angular frequency Wo' The molecules (or 
atoms) are supposed to collide strongly with each other in 
such a way that after each binary collision all phase informa-
tion is lost (hard collisions). The pressure of the gas is taken 
small enough to make ternary and higher-order collisions 
improbable. The average time 7c between two sucessive col-
lisions is large compared with the characteristic period of the 
laser field TL = 21T/WL. The collisions are supposed to occur 
at random and they are considered as the only mechanism by 
which each molecule interacts directly with any other mole-
cule. We assume that each molecule can suffer radiative de-
cay and the intrinsic linewidth of each of the two energy 
levels are much smaller than the spacing between them. The 
energy levels are assumed to be nondegenerate. In other 
words, we assume the Wigner-Weisskopf modeP for sponta-
neous decay. A generalization of this model for degenerate 
levels was proposed by Hoyt.2 Nevertheless, for simplicity, 
we restrict ourselves to the nondegenerate case. Spontaneous 
decay and pressure broadening due to collisions are assumed 
to be statistically independent processes. 
The molecules are assumed to move in the gas which 
obeys the Maxwell-Boltzmann distribution of velocity, even 
when interacting with the laser field. In other words, the 
interaction of the laser beam with the molecules of the gas 
system does not disturb appreciably the equilibrium distri-
bution of their velocities. The laser field is taken as a plane 
wave, monochromatic (with angular frequency W L in the 
laboratory frame) linearly polarized in the x direction and 
propagating in the i direction, and can be represented by 
E(z,t) = x Re(Eo exp( - irk (z')dz' + iwLt)], (1) 
where Eo is the amplitUde ofthe wave and k (z) is the complex 
wave vector that is assumed to vary slowly over a wave-
length. The symbol Re stands for "the real part of'. 
In the limits where E (z,t ) changes negligibly as seen by 
an atom (or molecule) between collisions, and where 
Im[k (z)]oo(Re[k (z)], the imaginary part of k (z) is related to 
the imaginary part of the electric susceptibility X~ (w vWc) by 
Im[k,(z)] = - (w L !2c)X~(w LWO) (2) 
and the intensity I (z) of the wave by 
J(z) = (C/81T) IEol2exp(2 f1m[k(Z')]dZ} (3) 
where c is the speed of light in vacuum and the symbol 1m 
stands for "the imaginary part of'. 
III. THE CALCULATION OF X~(UJvUJo) 
We use the vector model of Feynman, Vernon, and 
Hellwarth' to describe the interaction between the laser field 
and the gas. In this model, the vector r, defined in some 
abstract space, describes the quantum state of the two-level 
system and the vector ro describes the perturbation caused 
by the laser field on the two-level system. The Schrodinger 
2618 J. Appl. Phys. 50(4). April 1979 0021-8979/79/042618-05$01.10 @ 1979 American Institute of Physics 2618 
 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
143.106.108.134 On: Fri, 26 Jun 2015 11:51:34




where no relaxation processes are included. 
(4) 
The vector w is related to the matrix elements of the 
perturbation by 
WI = (lIll)(Vlz + VZI ), 
Wz = (i/Ii)( VIZ - V ZI ), (5) 
w] = Wo + (V22 - Vll)/Il. 
The interaction between each molecule and the laser 
field is considered in the linear dipole approximation as is 
usually done. So, the interaction Hamiltonian is 
v = - p.E(r,t), (6) 
where p is the electric dipole moment operator of the mole-
cule (or atom) and E(r,t) is the optical electric field given by 
Eq. (1). We note that the amplitude Eo(r) is taken of arbitrary 
strength, and we can expect power-broadening effects on the 
attenuation of the optical wave (1) propagating through the 
gas medium. 
In this case, the matrix elements of the perturbation 
Hamiltonian V are 
VIZ = V ZI = -/112Eo cos(w_t - ¢Jo), 
(7) 
where w_ = W L - kv is the Doppler-shifted frequency of the 
radiation and ¢Jo = kzo is a phase related to the position of the 
molecule in the gas cell. By a convenient choice of phases we 
can write/112 = /1ZI; where/1ij = <i I fl I J) are the matrix ele-
ments of the electric dipole operator. 
In order to solve Eq. (4) for the perturbation given by 
Eq. (5), we change to a rotating coordinate system M / that 
rotates with frequency w_ about the axis 3 in the r space. The 




- w_xr/ + w/xr/, (8) 
where the primes denote rotated quantities. Solving Eq. (8) 
by the Laplace transform method, assuming that the atoms 
are in their lower state at some given initial time t /, i.e., 
r'l(t /) = r~(t /) = 0, 
r~(t/) = - 1, 
we get 
, W'I(W_ - wo)(1 - cosflB) W 2 rl(B) = - -sinflB 
il z n' 
, (J)~({J)_ - (J)o)(l - cosflB) WI 
riB) = + - sinflB, 
il Z n 
2 E2 
r~(B)= _1+/112 0(1_ cosflB), 
Ifil z 
where 
() = t - to, 
2 E2 
n 2 _ ( )2 + fll2 0 u - (J)_ - (J)o ---, 
If 
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(9) 
(to) 
The polarization charge density P(r,t ) of the gas system 
is given by 
P(r,t) = N <J.l.(r,t », (11) 
where N is the particle density and the average over the elec-
tric dipole moment operator is defined below. 
Now, we take into account the homogeneous mecha-
nisms (hard collisions and spontaneous emission) and the 
Doppler effects in the expression for the polarization charge 
density P(r,t ). 
The polarization charge density P(r,t) [Eq. (11)] is aver-
aged over the homogeneous broadening mechanisms (hard 
collisions and spontaneous emission) using the Poisson dis-
tribution as the weight function: 
LOO dB <P(r,t»H = exp( - () /T) - P(r,t), o T (12) 
where T is the homogeneous relaxation time given by 
liT = lITN + liTe' where TN is the average radiative time 
(i.e., the average time between two successive radiative de-
cays) and Te is the average time between two successive 
collisions. 
Up to this point, only a part of the molecules of the gas 
were considered, namely, those with a certain velocity v such 
that their Doppler frequency is (J)o + kv. For these mole-
cules, the external electromagnetic field has a frequency 
(J)_ = (J) L - kv, where (J) L is the external electromagnetic fre-
quency measured in the laboratory. To take into account all 
the molecules of the gas, we have to average the <P(r,t »H 
over all velocities. For this purpose we use a Gaussian distri-
bution function normalized to unity: 
(13) 
where.d{J) = w_ - Wo = W L - (wo + kv),.dw = kv and 
TG = (mc2/2kTw6)112 is the so-called "Gaussian time", 
where (J)o is the resonant angular frequency of the two-level 
system, m is the mass of the molecule or atom, c is the speed 
oflight in vacuum, k is the Boltzmann constant, and Tis the 
absolute temperature. The time T G is related to the full 
linewidth of the Gaussian [Eq. (13)] at half-maximum by 
.d{J)G = 2 [1n(2)] 112/TG' 
This would correspond to the assumption that the external 
field does not affect the Boltzmann-Maxwell equilibrium 
distribution of velocities of molecules of the gas. 
So, we have 
<P(r,t»IN 
= J+ 00 exp[ _ ~(.dw)2]2£. roo dB 
- 00 11'"2 )0 T 
xexp( - ~ )N [fl12r 'I(B)] , (14) 
where /112 is the electric dipole matrix element and r'I(B) is 
given by Eq. (10). 
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The complex electric susceptibility XG of the gas system 
is related to the polarization charge density by 
P(r,t) = Re[XG(wL,wo)E(r,t)]. (15) 
Using expressions (10), (11), and (14) we get the imagi-
nary part X~(wvwo) ofthe complex susceptibility 
XG = X~ + iX~' i.e., 
" NI-lf2 1T1121'G Re [W(z)] 
XG(w vWo) = --.:..--=.-----=-----
fz [1 + (ui2E 6Ifz2)r] 112' 
(16) 
where W (z) = exp( - Z2) erfc( - iz), z = x + iy, x real, 
y > 0, is a function related to the error function of complex 
argument erfc( - iz) (Abramowitz and Stegun4). Our pa-
rameters x = 1'G (wL - wo) andy = (1' G/1')(1 + S2)112 
I wheres = f.ul2Eo(z)/h j1'is the saturation parameter J satisfy 
the above conditions. We note that the power-broadening 
mechanisms are included in this model through the satura-
tion parameter s. The amplitude Eo(z) of the optical wave is 
considered to be of arbitrary strength and no perturbation 
procedures are used. 
A study of the nonlinear complex index of refraction 
using the real part of the complex electric susceptibility de-
fined here will be given in a near future paper. 
Therefore, the nonlinear equation for J (z) becomes 
dJ(z) = -fJ1'G Re[W(z)]J(z) ,(17) 
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FIG. 1. Comparison between exponential (s = 0, r cJr = I) and nonexpon-
ential (s = 2.8, rJr = I) decays of monochromatic EM waves in a gas 
medium for various values ofthedetuning frequency x = r ciWL - wo): Rel-
ative intensity I (z)! I (0) versus distance z [in units of (,8r>-I]. 
f3 = (wI/c)(Nfl~2/fz)1Tln (cm· 1 sec' I); r = homogeneous relaxation time 
(sec); s = (fL"Eo/fz)r = saturation parameter. 
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The description of the decay of the laser wave by the 
absorbing gas medium is given by the solution of this 
equation. 
IV. NUMERICAL SOLUTIONS FOR THE 
NONLINEAR INTENSITY EQUATION 
For the numerical solution ofEq. (17), we assume that 
the temperature of the gas is not modified by the propagation 
of the electromagnetic wave through it. Since the tempera-
ture and the density of the gas are constant, the collision 
relaxation time l' c and the "Gaussian" time 7 G are also 
constant. 
Let J (0) be the initial intensity of the electric field of the 
wave. We may rewrite Eq. (17) normalizingJ (z) with respect 
to J (0) and using the dimensionless "unit length" t as 
d [I(z)/J(O)] 
dt 
where t = 1'fJz. 
(1'G/1') Re[W(z)] (Iz) 
- [1 + S2(0)J(Z)/J(O)] 1!2 In ' (19) 
We start by studying the decay of the electromagnetic 
wave for different initial values of the saturation parameter 
s(O). In each case, we compare the results for different values 
of the parameter x which gives the amount of detuning ofthe 
wave with respect to the two-level system. 
We study the following cases: 
(1) Strong fields: s(O}::,,·2.83, 1'olr = 1. In this case the 
optical field would be typically a field of 1012 erg/em' acting 
on a molecule with a typical collision time 1'c = 10-10 sec and 
with an electric dipole moment of the order of 1 D (= 10-1< 
esu). For definiteness, the value of the parameter 1'J1' is 
taken as equal to unity. This is, of course, the case in which 
1.0 




1:G / 1:=2.8 
oX = 0 
N 6 X = I 
















o l -~_ I ~ _ I.~::C~~~ 
o 2 468 
DISTANCE z (in units of (~1:r') 
FIG. 2. Decay ofa weak (s = 0, r,/r = 2.8) monochromatic EM waves in a 
gas medium for various values of the detuning frequency x = rJ,v, .- 'v,,): 
Relative intensity I (z)/ I (0) versus distal}ce z [in units of (,8T) 'I· 
f3 = «uI/c)(Nfl~,/fz)1Tln (cm" sec"); r = homogeneous relaxation time 
(sec); S = (jl "Eo/fz)r = saturation parameter. 
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the convolution integral ofthe inhomogeneous susceptibility 
cannot be approximated by any of its limits. We consider the 
absorption of the electromagnetic wave for different value of 
the parameter x = rd,.O)L - 0)0) = 0 (resonance), 0,5,1, and 
3.9. In Fig. 1, a plot shows the results and the comparison 
with a normal exponential decay for r afr = 1 and s(O) = O. 
(2) Weak fields: s2(0)<I, rafr = 2.8. A weak field is, by 
definition in this work, a field that does not produce satura-
tion effects on the absorption of molecules of the gas, i.e., 
S2(0) < 1. For a typical molecule with induced electric dipole 
moment of 1 D, we would have rlI (0) = 10-10 erg sec/cm2• 
For a molecule with a typical value of rc - 10-10 sec, 1(0) 
would be equal to 1010 erg/cm2 sec. Due to the lack ofsatura-
tion effects, the decay of the wave is exponential even for 
regimes of densities such that r afr > 1 (r afr = 2.8 in our 
numerical calculation). The nonexponential decay is, of 
course, a feature of a situation in which saturation effects 
operate. The results are shown in Fig. 2 and for comparison, 
the case of the "strong field" is displayed on a linear scale in 
Fig. 3. 
In the second part of our calculations, we consider a 
saturating beam (the strong field of the previous calcula-
tions) and study the behavior of the resonant absorption 
(x = 0) for several regimes r afr = 1, 10-2, 102. In this way, 
we can compare the nonexponential attenuation of the satu-
rating wave when there is predominance of the Lorentzian 
shape factor, or the Gaussian shape factor with the mixed 
case. The results are shown in Fig. 4. As expected, the at-
tenuation increases at each point z along the cell, as the den-
sity of the gas is increased, since rafr is a linear function of 
the density of the gas. 
A comparison of the variation of the imaginary part of 
the susceptibility X ~(O)vO)o, z) with the relative intensity 
I (z)/ I (0) is shown for a gas with collision-broadened absorp-
tion lines (r G = r) in Fig. 5. These plots show how the ab-
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FIG. 3. Nonexponential decay of a strong (s = 2.8, TofT = I) monochro-
matic EM waves in a gas medium for various values of the detuning frequen-
cy x = T C<w L - wo): Relative intensity I (z)/ I (0) versus distance z [in units 
of (,STY']. /3 = (wL/C)(NJ.l~2/fi)11"" (cm-' sec-I); T = homogeneous relax-
ation time (sec); s = (p. 12EoIfi)T = saturation parameter. 
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FIG. 4, Comparison of decays of a strong (s = 2.8) monochromatic EM 
wave for various ratios between the homogeneous and Doppler linewidths 
[(..:1wL/..:1wG)(In 2)'" = TofT] on resonance with the two-level gas mole-
cules: relative intensity I (z)/ 1(0) versus distance z [in units of (,STY'], 
/3 = (wL/c)N(p.~2/fi)11"" (cm-' sec-I); T = homogeneous relaxation time 
(sec); s = (p.12Eo/fz) = saturation parameter. 
varies at each point z along the beam path in the gas cell. It 
also shows how the absorption saturates with the increasing 
strength of the electromagnetic field since s2(0)I (z)/ 1(0) 
= S2(Z), where s(z) = VtI2EO/fi)r is the saturation param-
eter. Due to the higher density of the gas in the collision-
broadened case, the absorption is stronger for this case than 
the absorption of the Doppler-broadened line, assuming the 
initial intensity I (0) to be the same for both cases. A variation 
of the ratio of the mixed susceptibility X~(O)vO)o, z) with the 
.\ 
-- (X·~ /(xG)ol/(X~/x;; )0) 




CoIII.'on brood.n.d X;;/(X~)o 





~:.':":'".:.~ .... ~ ... :-:-.:.7: 
246 
RELATIVE INTENSITY I(z)/ I(O) 
(in units of 9'"(0)"1) 
8 
FIG. 5. Imaginary part of the nonlinear Gaussian-Lorentzian convoluted 
susceptibility X ~(w LoWO) [in units of <X ~)o] versus relative intensity I (z)/ 1(0) 
[with 0(0) = 5'(0) = (p.~2r'/fz')(811'/c)I(0)1. Also shownx~/(r~)o and the 
ratio U';';<X~)oIx~/(r~)ol, for comparison where X~ is the homogeneous 
susceptibility and (r ~)o its unsaturated limit (s = 0); (r ~)o is the unsaturated 
inhomogeneous susceptiblity (s = 0). x = 0; s(O) = 2.8. 
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DETUNING FREQUENCY x= 1:G(WL -wo) 
FIG. 6. Comparison between the relative transmitted intensities I (z)/ I (0) of 
a strong (s = 2.8) monochromatic EM wave with a weak esponentially de-
caying monochromatic EM wave (s = 0) for various distances z [in units of 
(/11J']. {3 = «(j)L/c)(NJ1-~2Hi)1T'12 (cm-' sec-I); T = homogeneous relaxation 
time (sec), as a function of the detuning frequency x = TG(W L - wo); 
TG/T = I. 
homogeneous susceptibility X~ (both normalized to their 
nonsaturated value) with the relative intensity of the satura-
tion parameters is also displayed in Fig. 5. 
Finally, Fig. 6 shows a comparison of the relative trans-
mitted intensities for exponential and nonexponential at-
tenuation with the detuning of the frequency of the external 
field from the resonance frequency Wo of the two-level mole-
cules, for different points along the beam trajectory through 
the gas. We note that the attenuation is symmetric with re-
2622 J. Appl. Phys., Vol. 50, No.4, April 1979 
spect to detuning frequency differences and also that this 
attenuation is much stronger when the beam does not satu-
rate the gas medium. This curve is drawn for the regime in 
which ralr = 1. 
v. CONCLUSIONS 
Our primary concern here is to provide a simple model 
for interpreting saturated absorption experiments in which 
the molecule or atom can be treated as a two-level system 
interacting with a single-frequency plane optical wave repre-
sented by Eq. (1) in the dipole wave approximation. As con-
sidered before I E (z,t) I [Eq. (1)] is assumed to change negli-
gibly between collisions and Im[ k (z)] <:Re[ k (z)]. In addition, 
saturation effects and "convolution" -broadening mecha-
nisms are taken into account. The work provides a quantita-
tive description of the decay of the laser field propagating in 
the gas of two-level molecules for several detuning frequen-
cies x = r d..w L - wo), for several saturation conditions and 
for various degrees of relative homogeneous and inhomoge-
neous absorption linewidths. 
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